ON EXTENSIONS OF TYPICAL GROUP ACTIONS 



OLEGN. AGEEV 



Abstract. For every countable abelian group G we find the set of all its 
subgroups H {H < G) such that a typical measure-preserving if-action on 
a standard atomless probability space (X, fi) can be extended to a free 
measure- preserving G-action on {X,J^,fj.). The description of all such pairs 
H < G was made in purely group terms, in the language of the dual G, and 
G-actions with discrete spectrum. As an application, we answer a question 
when a typical iJ-action can be extended to a G-action with some dynamic 
property, or to a G-action at all. In particular, we offer first examples of pairs 
H < G satisfying both G is countable abelian, and a typical //-action is not 
embeddable in a G-action. 



1. Introduction 

By a transformation T we mean an invertible measure-preserving map defined 
on a non-atomic standard Borel probability space {X, T, /i). Iterations of this map 
that is sometimes cahed an automorphism define an action of Z, thus forming a 
subgroup of the group of all transformations of {X,F,ijl). The spectral properties 
of T are those of the induced ( Koopman's) unitary operator on defined by 

f : L\ti) ^ L^(p); Tf{x)^J{Tx). 

Transformations and, a bit more generally, group actions (i.e. group representations 
by transformations) are main objects to study in modern ergodic theory. Investiga- 
tions describing roughly what is changed if we go to actions of larger groups or back 
are one of the steadily well- developing aspects of ergodic theory. In this paper, we 
take a global view and, rather than study specific group actions, we are interested 
in the spaces of all group actions. 

Definition 1.1. We say that groups are weakly isomorphic if they are isomorphic 
to some subgroups each other. 

It is easy to check that this is an equivalence relation, and two groups and 
G- are weakly isomorphic if and only if there exist two groups Gj- > which are 
isomorphic to G± respectively. Let us remind that a group is called cohopfian if 
it is not isomorphic to any proper subgroup, and bounded if there exists an upper 
bound of the orders of its elements. It is easy to see that G is cohopfian if and only 
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if it is not weakly isomorphic to any proper subgroup, i.e. the set of its subgroups 
that are weakly isomorphic to G is trivial. In particular, if G is cohopfian then 
a weak isomorphism of H and G actually implies an isomorphism of H and G. 
However, there exist a lot of weakly isomorphic and not isomorphic pairs even in 
the class of (infinite) bounded countable abclian groups. It clearly follows from an 
explicit description of weakly isomorphic pairs ( see Section 6). 

We say that a typical group action has some property (or the property is said to 
be typical) if the set of elements satisfying the property contains a dense Gs subset. 
Following [13], a property B is called dynamic if it is invariant with respect to 
any measure-preserving isomorphism ip (i.e. B = (p^^B(p) and forms a Baire set 
(i.e. an almost open set B = UAM, where U is open and M is meager). By the 
well-known topological — 1 law (see [13], [14] ), which applies to the standard 
space of group actions flc for any countable group G, every dynamic property is 
meager or typical. 

The complete classification of countable abelian group pairs H < G under the 
condition for a typical /f-action to admit an extension to a free G-action comes 
from the following main theorem. 

Theorem 1.2. Let G be any countable abelian group, H its subgroup. Suppose H 
is not an infinite bounded group; then a typical H -action can be extended to a free 
G-action. Suppose H is an infinite bounded group; then a typical H-action can be 
extended to a free G-action if and only if G is weakly isomorphic to H. 

The choice of a dynamic property " to be free" was made there because, in 
particular, any free G-action T can not be reduced to an action of a "smaller" 
group, i.e. the map T : G — > f2 is an isomorphism. Besides, the set F of all free 
G-actions is characteristic among all dynamic properties for the restriction map 
tth ■ ^H, where ith{T) = T\h. Namely, a typical i?-action can be extended 

to a free G-action, equivalently, TrH{F) is a typical set, if and only if maps tt^^ 
send every second category/typical set onto a second category /typical set only (see 
Subsect. 6.1). This means that, for a typical iJ-action, an extension to a free G- 
action implies an extension to a G-action satisfying any particular typical dynamic 
property. 

The subject we treat in this paper was indirectly initiated by King who proved 
that a typical transformation admits at least one root of any fixed order (see [24]). 
It can be vicnved as a typical TiZ-action can be extended to a Z-action. The whole 
Z-actions are clearly free if we extend free nZ-actions. In answer to Rudolph- 
del Junco's and King's questions (see [19], [24]), it was proved by Ageev (see [2]) 
that a typical transformation is not prime and has infinitely many roots of any 
order. Actually, it was an easy corollary of the fact that a typical transformation 
is embeddable in a free Z © G-action for any finite abelian group G. Let us also 
mention papers [28] , [32] , proving the embeddability of a typical transformation in 
actions of some non-discrete groups. 

Recently Melleray proved Theorem 1.2 for H being finitely-generated via category- 
preserving maps and a generalization of the classical Kuratowski-Ulam theorem (see 
[26]). 

In order to prove Theorem 1.2, we first follow the traditional way based on the 

locally dense points technique by extending the proof of Theorem 1.2 for = Z 
(see [3]) as much as it is possible. The novelty is we construct a different explicit 
set of locally dense points for tth (see Sections 3, 5). So we get one more proof of 
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the main results of [24], [2] , and [26]. Finally, to check no free extendability for 
group pairs H < G left, we apply a group version of the well-known weak-closure 
theorem that we prove for every infinite countable abelian group. 

As a bonus, we conclude (see Theorem 6.5) that it is closely related to exten- 
sions of ergodic if-actions with discrete spectrum. As an application of the main 
theorem we then provide the complete description of all group pairs H < G, where 
G is countable abelian, admitting some extension to a G-action for a typical -fr- 
action (see Theorems 6.7-9). Moreover, we show that if a typical i7-action can be 
extended to a G-action then, in fact, it is because tth restricted to natural sub- 
spaces in Qg send every second category /typical set to a second category/typical 
set (see Theorem 6.7, Remark 6.11). As another application of the main theorem 
we describe all countable abelian groups G with generically monothetic centralizer 
for a typical G-action (see Theorem 6.12). 

The paper is organized as follows. In Sect. 2 we collect all needed technical 
facts. In Sect. 3 we offer a written version of the proof of Theorem 2 announced 
in [3] (i.e. Theorem 1.2 for i? = Z only) as a model case. Sect. 4 contains two key 
subtheorenis on locally dense points for tth and on the centralizer of G-actions that 
are of the independent interest for possible applications, because, in particular, of 
its large constructive potential. Theorem 1.2 and its equivalent versions are proved 
in Sect. 6 as a consequence; of results from Sect. 3-5. In Sect. 6 we also show 
what is changed in the description of pairs H < G if we wish to extend a typical 
i?-action to a G-action satisfying any particular typical dynamic property. Finally, 
in Sect. 7 we discuss a non-abelian case and related questions. 
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the George Washington University, the University of Sciences and Technology of 
China (Hcfei), California Institute of Technology, Texas A&M University, the Uni- 
versity of North Carolina, the S. Banach Mathematical Center (Warsaw), the Uni- 
versity of Geneva, and Institute Henri Poincare (Paris) for their support and hos- 
pitality which implicitly led to the completion of this paper. 



2. Metrics, finiteness, approximations, locally dense points 

Let us identify measure-preserving transformations of {X, /i) which are equal 
for almost every x oi X. On the set of all such transformations the weak (coarse) 
topology is defined by the convergency r„ — >• T iff iJ.{T~^AAT^^A) — > for any 
measurable A. It is equivalent to /x(T„AATA) — > for any measurable A. Let 
^„ — > e for some sequence of finite measurable partitions and a,, be the finite 
cr-algebra of all the ^„-measurable sets. Consider the metric d on O, where 

d{T, S) = Y^ ^dn{T, S), dn{T, S) = max fi{TAASA). 

This is a left-invariant metric defining the same topology. The rf-metric is not 
complete, but fl becomes a Polish topological group with respect to the metric 
d{T, S) + d{T-^,S-^). It is easy to see that ii < Ti, . . . ,Tn,Si, . . . , S„ > is an 
abelian group then 



d(ri...r„,Si---5„) <^(i(Ti,so. 

i 



(1) 
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The set flc of all the G-actions becomes a Polish space when it is equipped with 
the weak topology coming from the convergency 

T(n) T as n ^ 00 (Vg G G)Tg{n) as n ->■ oo. 

2.1. Finiteness. 

Definition 2.1. Let H be some subgroup of G. Wc say that a G-action T is H- 
finite if < Tg : ^ e > is a finite subgroup in fi. We say that a G-action is finite 
if it is G-finite. 

We need the following simple lemma. 

Lemma 2.2. Every finite H-action P can he extended to a (H-finite) G-action for 
any countable ahelian group G (H < G). 

Proof. The partition of X into P-orbits is measurable. We say that orbits of points 
X and y are equal if for any h € H P^x = a; if and only if Phy = y. It defines an 
equivalence relation on X partitioning X into finitely many P-invariant measurable 
sets of points with equal orbits. It is well enough to extend the P-action on each 
set separately. Let X consist of equal to each other orbits only. Then there exists a 
measurable P-invariant partition ^ = {Bi, . . . , i?„} oi X such that P acts on X/£^ 
transitively and ^ separates different elements of each orbit, i.e. P, 9 PgX ^ x G Bj 
implies i ^ j. 

Take any gi G G\H. If for all fc ^ kgi ^ H, then let Pgj be the identity 
map. If not. then put k = mini > : Igi G H. Wo can split every Bj into k Bj{i) 
measurable sets of equal measure such that PhBj (z) — Bm{j,h) (i) for any h € H,j,i. 
It suffices to define Pg^ on, say Pi. Put Pg^Bi{i) = Pi(z + 1) if 1 < i < k, and 
Pg^B\{k) = PhBi{l), where h = kgi. Obviously, wc can define Pgi\Bi(k) such that 
for any x e Pi(l) Pg^x = PhX. By the commutativity, Pg^ can be naturally defined 
on the whole X. It is clear that P is a well-defined finite < H,gi >-action. 

Iterating the above process we get an //-finite G-action we need. 

□ 

2.2. Approximations by finite actions. Let G be any countable abelian group. 
Then G =< g[, . . . ,g'j,, . . . >. Put Gk g[, . . . ,g',. >. Consider a sequence of 
positive integers q^, where qn\qn+i,n = 1,..., and for every positive integer k 
there exists n such that k\qn- By ^„ denote the partition of X = [0, 1) into g„ 
half-open intervals of equal length . 

Let Ln^k be the set of all Gfe-actions P preserving the partition ^„ such that for 
any g,j Pg\cjin) is .just a shift Q, i.e. Qx = x + a, x & [0, 1), where a depends on 
g, j and ^„ = {Gi (n) , . . . , Gg„ (n) } . Obviously, Pg is a permutation of X/ ^„ for any 
g and P is a finite action. Moreover, _L„ ^ is a finite set, and if PgCj{n) = Gj{n), 
then Pg\c^(n) is the identity map. By Lemma 2.2 we can extend each P (in many 
ways) to some G-action P'. Fixing a representative P' to each P G L„,fc, we get 
a finite collection, noted L* j., in ilc- Here each P belongs to many Ln^k, but its 
representatives P'{n,k) might be different to each other. 

If G is not a torsion group, then put ^ = {P G Ln^k '■ P acts transitively on 
n,A; G N, and l;*, - {P' G L*^^^ : P'\g, G i^^J. If G is an infinite 
torsion group, then L'^ ki-^'n k) i^ defined as before for only change the sequence g„ 
by Qn = #Gn- If G is a finite group, then L'^ ^ is not defined. 

The aim of this subsection is to prove the following lemma. 
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Lemma 2.3. For any positive integers no,fco, the sets 

U U L;, and U U L'l, 

n>no k>ko n>no k>ko 

are dense in fie- 

Proof. It is well known that the set of all free actions is dense in VIq- 

Fix some neighborhood of a free action T in Q.c- It contains a cylindric (open) 

set 

N{i, gi,...,gi) = {S G^g: d{Sg, , TgJ < 7', i = 1, . . . , /}, (7' > 0), 

where d is a metric on CI. Choose k > ko such that both gi G Gk i = I. ■ ■ ■ ,1, 
and if G is not a torsion group then Gfe contains at least one element of infinite 
order. Next it is convenient to represent Gk as the direct sum of cyclic subgroups. 
Namely, let 

r 

Gfc = < 5< >, 

i=l 

where deg gt = Pi,i = 1, r, pi = +00, i < rg, Pi are primes for i = ro, . . . , r, 
deg g is the order of g. It is clear that, for some 7, 7" > and for a positive integer 
n' 

N{T,j,gi,...,gr,^n') C N{j" , gi, . . . , gr) C N^j' ,gi, . . . , gi), 

here 

N{T, 7, 51, . . . , 5„ = {5 e i^G : e f^{Sg,DATg,D) < j, i = 1, . . . ,r} 
for any finite measurable partition ^. Take m > maxi>ro Pi, consider sets 

Km = {9&Gk:g = ^3i9i for some < < p • = min{pj, m}, i = 1, . . . , r}. 

i 

By the multidimensional Rokhlin lemma, for any £ > we can find a measurable 
set, say A, such that |JgGif„ is X up to £-measure. Therefore, we get a finite 
partition rj' oi X. Let us slightly change each Tg^ by T^. , i < tq. Namely, put 
T'g.x = Tl'-^x for any x G T^A, g e {5 G isT^ : jj (5) = to'- 1}, and let T' be the 
identity Gfc-action on F = X\ |Jggi<-^ ^s^- I* is clear that T' is a finite G/j-action, 

and for any i Tgf ' is the identity map. Moreover, for sufhciently small e and to large 
enough any extension of T', noted T'*, is an element of 7V(r, 7/2, gi, . . . ,gr,£,n')- 
Denote rj = rj' \/ \l g^Q^ '^g^n'- Since 77 is a finite subpartition of there exists 
6 > such that 

NiT'*,S,gi,...,gr,v)^NiT'*,^/2,g,,...,gr,^n'). 
Let {Ai,...,^^} = {D E rj : D C A}. Since 77 is a T'-invariant partition, 77 = 
{Y,TgAi,i = l,...,s,g G Km}- Then every UgeA:^ ^g^» is T'-invariant set. 
Since ^„ — >■ e, for n > no large enough we can approximate every T^^j and Y very 
well by some ^„-measurable set Ai(^„, (1^) such that =ff{D G : D C Ai{^n, g)} 
does not depend on g, ^Km\Mn, and r?„ = {y„, Ai($„, 5), i = 1, . . . , s, 3 G isr„j} is 
a partition of X. It is easy to see that we can find P G L{n, k) such that for any 

5 G Kyn Pg-Aj{^ri,g) = Aj{^n,g + 9i), and Pg'* is the identity map, where if 
9 = J2i.ii9i and j,; = p'-l, then Aj{^n,9+gi) = Aji^n,J2i^i -jiai)- This means that 
any extension P* of P is an element of N{T'* ,S, gi, . . . , gr,r]), and U„>„q Uk>kQ k 
is dense mClo- 
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Apriori, P constructed above is not transitive on X/£^n- However, it has a "good" 
orbital structure. Namely, X\Yn consists of P-orbits Oi = Ugs-ff™ -^9^«i 
Cj{n) e Cn- Since ^Km\#{j ■ C.j(n) C y„}, changing P on y„ if Y{Yn) are 
not empty sets, we get the same orbits Oi, i = 1, . . . ,q' on whole X. 

If G is not a torsion group, then pi — +00, p[ — m, and we can change Pg^ 
on B„ = Ui UgeK^:ji(g)=rn-i PgCs,{n) such that P^„ = Cm -P is a Gfe-action by 
permutations of X/S,n, and X = Uggi^^PgCsj (n), where K^^ is defined as Km, 
the only difference is we change p[ by p'{ — q'p[. Since for m,n large enough 
the measures of sets Y,Yn,Ugf=K^:ji{g)=m.-iPg^T Bn are sufficiently small, we get 
PeL'{n,k), and P* e N{T,^, . . . , gr,^n')- 

If G is an infinite torsion group, then extend P to a G„-action P' by defining 
P'/ ,...,P', consecutively. Namely, put t = mini' > : t'gl.,, G Gk- Let 

3k+l fii ' ' ^ 

P', be a shift on every C,{n), P' e« = C™, P', Cs,(n) = C,,^,(n) if i ^ 

(mod i), and P', C^, (n) = PgC^j^.^, ^ (n) if i\t, where g = tgi.i & G^. By the 

commutativity to every Pg, g € Gk , we can define P', uniquely on whole X. 

"k + 1 

Obviously, the Gfc+i-action T' has #G„/#Gfe+i orbits on Xjt^n- Iterating this 
process, we get P' e L'{n,n), and P'* G N{T'* ,S, gi, . . . , gr,r]) {Y is the empty 
set). Lemma 2.3 is proved. 

□ 

2.3. Locally dense points technique. Suppose X and Y are Polish spaces and 
: X Y is a continuous map. The subset G of F is called an analytic set if 

there exists a Borel subset B of X such that (p{B) = G. Next we will essentially 

make use of the fact that every analytic set is almost open ( see [25]). 

We denote by LocDerup the set of all x G X, called locally dense points, such 

that for any neighborhood U{x) of x, the set (fi{U{x)) is dense in some neighborhood 

of (p{x). 

Lemma 2.4. (see [24], [2]) Let LocDemp be dense in X . Then ip{X) is not meager 
in Y. Moreover, ^{A) is not meager in Y for every non-meager A in X. 

3. Model case 

Example 3.1. of a free action T of any countable abelian group G having an 
element gi, of an infinite order such that Tg^ is ergodic and has discrete spectrum. 

We will only construct such an action, because the proof is obvious. At first fix 
some representation 

G = \jGk, 

k 

where Gfe =< ffi, . . . ,5ffe > is a subgroup generated by gi,...,gk,k G N,gk+i ^ 
Gk, 91 = 9 ■ Next we define a sequence of elements a^^^ = {a'^\ ■ ■ .) from X = M'^ 
as follows. 

Denote, a^^^ = /3i i = 1, 2, . . ., where (irrational) /3i are rationally independent 
in the sense J2"=i''^il^i — (mod 1) gives = i = 1, . . . , n for any rational 
ri , . . . , r„ and n G N. Fix some sequence of irrationals jk ■ 

If for any n, ngk+i ^ Gk, then put 5^^^^ = 7fe and ocm^^^ = as m ^ fc + 1. 
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If not, take 



no = mm n. 

n>0 



Therefore nogk+i = hgi + • • ■ + lugu for some li S Z. Put 



no 

_ J 

^k+1 

Let then a*^*^' = 7rooQ:''^\ where tToo is a natural projectfon from X onto X = 
M/Z X M/Z X It is enough to define for any 

k 

i=l 

the action T by 

Tg^x = X + a'^''^ (modi) 

on {X, /x), where /x is the Haar measure on X. Here, of course, Tg does not depend 
on our choice of the representation g as 

k 
i=l 

Lemma 3.2. T/ie action T constructed in Example 3.1 is a locally dense point for 
a map tti : CIq ^, where tti (T) = Tg^ . 

Proof. Every crgodic automorphism with discrete spectrum has rank 1 (sec [17]), 
i.e. for Tg^ we can choose([6]) a monotonic sequence of partitions = {C\{q), . . . , 
Cft(q)(g),£>(g)} such that Tg^Ci{q) = Ci+i{q) for i < h{q), lJ.{D{q)) as g oo, 
and e. For partitions = {Ci((7), . . . , C^(g)(g)} we have — >• e. It is 

more convenient then to consider in f2 the d metric associated to {^g}^i- Pick 
some neighborhood of T. It contains a cylindric set N{'y',g[, . . . ,g'i) = {S G Qq '■ 
d{Sgi.,Tg'^) < y i = l,...,l}. Choose k such that g^ € Gk i = l,...,l. We can 
represent Gk =< gi, - ■ ■ ,9k > as the direct sum of the form 



where gi, . . . , gr-o(l ^ ^ ^) have infinite order, pi [pi < oo) is an order of gi for 
ro < i <r. Moreover, 

91 = kogi + Iro + igro+l H 1- IrSIr 

for some ko,li € N. It is clear that, for some 7 > 0, if d{Sg^ ,Tg.) < 7 i = 1, . . . , r, 
then S G N{j' , g[, . . . , g[). Thus it is good enough to find a (5 > and a dense set 
of Tgj in Us {Tg^ ) such that for some Tg-^ , • • • , Tg^ , Tg^^i . . . wc have both 

(Tgj ,. ..,Tg^, Tgi^^^ .. .) forms a G - action, (2) 

and 

d{fg„Tg^)<j i = l,...,r, (3) 
where Us{R) = {S e n : d{R, S) < S}. 
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Because Tg^ has rank 1, we have C{Tg^ ) = {r^jl^ in Q,. Denote t = Pro+i • ■ - Pr- 
Therefore take mi , . . . , G N such that 

rf(r™ST§J<I i = l,...,r, (4) 
d{T^*P*,E)=d{Tp^*P%Tl^)<g ro<i<r, (5) 

J/'pmifen'F'''0 + l"*''0 + l rpl rrir rpkorplrg + l n-ilr\ ^7 ^ ' 

"^-'Sl -'Sl •••-'si '-'si -'sro + l •••^Sr'' ^ 9^ 

Let L{q) be the set of cyclic permutations ^q, i.e. L{q) = {T„ e : T„^g = & 

T^^"^^ = E kVi {T^C,{q) = C,{q) ^m = (mod h{q)))}. Since ^ e, it impUes 
(see [15]) the density of Uq>q(,L(g) in for any q^. Take q'o such that 




for any T,S G ^. Using (6), choose S > such that 

d{Tg, ,Tk)<S^ d{T^^^ , ' ) < | & (8) 

d(T™*^'%Tr^^)<^, ro<i<r& (9) 

^(j^mifcoj^^-o+i^ro + i . ..Tl^ra^^j,^) < 2^. (10) 

For every 

T„G y L{q)nUs{Tg,), 

<?><?0 

let us define Tg^ , • • • , Tg^ such that (2) and (3) hold. (Here T„ = Tg-^ , and the choice 
of remaining Tg^^^,Tg^^^, ... is more or less obvious, because all G/j-actions below 
are finite). 

Consider ^g, where q is defined by T„ G L{q) {q > qo). Change the numbering of 
Cj{q) by C(j)(g), where i is considered modulo h{q) and is found from Tl^Ci{q) = 
Cj{q). Then 

r„(7(i) =C(i+i)(g) (z (mod/i(g))). 

Cut every C(j)(g) into fco •Pro+i ■ ■ - Pr measurable sets C(j)(ir|j, . . . ,ir) of the equal 
measure, where the collection (Vq, . . . , ir) is considered modulo {ko,Pro+i, ■ ■ ■ ,Pr) 
and 

TtiC(io)(Vo) • • • ! *r) = C'(jo+l)(^'"o; • • • J V) 

for any (icVo, • • • , v) («o (mod /i(g))). 

It is clear that we can find T^^ j = rg, ro + 1, . . . , r such that 

'^gj'^(so)(*'-oi • • • 1 *r) = C'(i„)(Zro, • • • , *j + 1, + ■ • ■ , «r), 

T„, Tg^^ , . . . , T^^ form an abclian group, and have order h{q),ko,Pro+i, . ■ ■ ,Pr re- 
spectively. Moreover, this group is just the direct sum of cyclic subgroups generated 
by them. 

From our choice above Tg. are needed to be very close to For x G 

C(i)iiro,- • • ,«r) let 

fg.=T:r' forl<i<ro. 
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It is clear that automorphisms (or permutations of C(j) (Vg , . . . , v)) Tg^ , Tg^ , Tg^ 
S-fc-action such that T„ = f|°f'3''°" 

(4), (8), we have 



form a non-free G^-action such that T„ = f^ofS"^^ • • •T^. For l<j< ro, using 



1 
3' 

In order to confirm (3) for ro < j < r, wc take an element A £ ^q^, where qi < go- 
The set A consists of a union of some C(i){q). Let 



Ho{j)= [j C(i)(Vo,...,ij-i,0,i 



, tj — li U, <j + l, • • • ) 



By definition, 

2M(TrM\4A) = 2M((TrMnffo(j))\(T§,.AnifoO-))) = 



j-nin^^^'AAA). 
Therefore, 



(T^r^ , ^9. ) = ^dg, (T„P^™^ , £;) for q,<qo. 
Pj 

Now if we recall (5), (7), (9), we get 

rf(T-^- , fg^ ) < ld(rw™^- , i;) + 2 < 2, (11) 

Combining this with (4), (8), we obtain 

,Tg^)< d(fg^ , t:^^ ) + d(r„"^- , t;;i^ ) + , t^, ) < 2| . (12) 

For remaining j = 1, as above, wc have 

^/i(T„^Ar^""^f;:;;;; ■ • ■ f^M); (13) 

rl(T™i \ < J-rlfT TfeoniiT'''"0 + i . . . Tlr\ , J_ 

Taking into account (1), from (11) we have 



d(T™^-,r|.)<^ 



for j > ro , s € N. Thus 

"^^Sro + i" 9-' " « ''-3 

Combining this with (10), (13), we obtain 



10 



OLEG N. AGEEV 



As in (12) we have 

Lemma 3.2 is proved. □ 

3.1. Extensions of typical automorphisms to group actions. 

Theorem 3.3. Let G be any countable abelian group having an element gi of 
infinity order. Then a typical automorphism is embeddable as Tg^ in a free group 
action T of G. 

Proof. Fix G and the natural projection tti : flc — > ^, where tti{T) = Tg^. Ah free 
G-actions form a dense G^ set F in Q.g- Therefore the set B = tti{F) is almost 
open as an analytic set. Moreover, it is clearly dynamic. By the topological 0—1 
law, B is then meager or typical. 

Besides, It is well know that conjugates to any free action are dense in CIq for 
any countable abelian group G. Since LocDemri is invariant with respect to any 
conjugate, by Lemma 3.2 LocDemri is dense in flc- From Lemma 2.4 B is then 
typical and Theorem 3.3 follows. □ 

4. Two KEY SUBTHEOREMS 

Theorem 4.1. Let T be an action of a countable abelian group G and H be a 
subgroup of G. If GL{Tg : g G G} = CL{Th : h € H}, then T is a locally dense 
point for the restriction map tth ■ i^G ^h, where ttj^ (T) = T\h- 

Proof. Consider a sequence of positive integers g„, where qn\qn+i,n = 1, • • • ) and 
for every positive integer k there exists n such that k\qn- Let ^„ be the partition of 
X = [0,1) into Qn half-open intervals of equal length. It is clear that the sequence 
is monotonic and ^„ — >■ e as n — >■ oo. From now on d is the metric in fl associated 
to the sequence 

Fix some neighborhood of T in flc- It contains a cylindric (open) set 

N{j',g[,...,g'l) = {SenG:d{Sg,,Tg,)<j', i = 1, . . . , Z}, (7' > 0). 

Choose ko such that g^ e Gkg i = 1, . . . ,1. Next it is convenient to represent 
Gko =< gi,. . . ,gko > as the direct sum of the form 

r 

<^feo = < 9i >, 

i=l 

where deg gi = pi,i = 1, r, pi arc primes or +00. It is clear that, for some 7 > 

N{j,gi,...,gr)CN{-f',g[,...,g'i). 

All we need to prove is ■kh{N{^, gi, . . . , gr j) is dense in some neighborhood U C 
of T|jif . Let us choose then such U, a dense subset of /f-actions T in U, admitting 
extensions to some G-actions T from N{j, gi,. . . ,gr). Denote Hn=Gn H H, 

Si = min m, 

'ngie<H„,gi,...,gi_i> 
m>0 

or Si = +00 if for any m > mgi ^< i?„, 51, ... , gi-i >,i = 1, . . . ,r. It Si ^ +00, 
then 

Sigi = h{i) + ^kj{i)gj, 

j<i 
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for some h{i) G Hn- It is clear, that, in general, Si,h(i),kj{i) depend on n, but, in 
fact. Si are monotonic for any i, therefore they are independent of n for sufficiently 
large n > iVg, and then we can fix corresponding h(i),kj{i) for Si ^ +00. Denote 
c = 1 if for any i Si = +00. If not, then c = max^.j Put A = 36(3c)^, and 

I ^ {1 < i < r : Si +00}. There exist hi, . . . ,hr £ H such that 

d{TH,,Tg^) < ^ , » = l,...,r. (14) 
A(l + rc) 

We can choose k' > niax{fco, -^0} such that hi e H^' < Hk'+i < ■ • ■ , i = 1, . . . , r. 
Besides we can choose a positive integer uq such that 

J2 dr.iT,S)<l (15) 

r!>rio 

for any T,S Gil. 

Let U be the (cylindric) set of all i7-actions S with the following properties 

d{n,,Sh,) i = l,...,r, (16) 

d(T^,S^J<^, (17) 
d{T,^,^T',f . . . T^::f,S,^,)Stf . . . S^'^) < J, if . e /. (18) 

By Ln.k denote the set of all _fffc-actions T preserving the partition ^„ = {Ci(n), 
. . . ,Cq^{n)} such that for any h,j Th\cj{7i) is a shift. Fixing an extension T' to 
each T e Ln,k, we get a finite subset L* j. of Hh- By Lemma 2.3, 

U U ^"''t n f7 is dense in U. 

n>no k>k' 

Let us modify each T' e L* (n > no, k > k') to a G-action T in the way T\h^ — 
T'UjThen 

f\H €U ^f' e U, 
and applying Lemma 2.3 again, we get 

U U U ^ ^ '^^^^^ ^■ 

n>no k>k' j"g ^ 

If, additionally, because of the construction of T, T' G L* j, n C/(n > no,fc > fc') 
implies that the corresponding T G N{'j,gi, . . . ,gr), then Theorem 4.1 is proved. 

Fix T" G £* f.{n > na,k > k'), put Tj//^ = T"|i/^ , i.e. at this step f is an element 
of Ln^k- Extend then the iJ^-action T to < Gfc,,, Hk >-action T by transformations 
Tgj , . . . , Tg^ defined consecutively as follows. 

Denote = if i G /, Si = 1 if Si = +00. Cut every Cj{n) into si • • • half- 
open intervals Cj{ji, . . . ,jr) of the equal length, where the collection (ji, . . . is 
considered modulo (si, . . . , Sr) and 

QG,„(ji, . . . ,>) = Gf (ji, . . . ,>) 

for any (ji, . . . , j,.), where Q is the shift defined by Q(Gm(n)) — Ct{n),m,t — 
1 , . . . , g„ . Therefore every fh,heHk, sends G^ (ji ,...,>) to some G„i' (ji , . . . , j,. ) , 



1 Not necessarily fh=fl^ilheH\H^. 
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and m! is independent of coordinates (ji, . . . , jV)- It is clear that if 1 < Si 7^ +00, 
then we can find transformations T^. acting as shifts on each Cj{ji, ■ . ■ ,jr) such 
that 

...,jr) = C'j{ji, . . . , jj + 1, ji+l, . . . , >)• 

Obviously, T^. commute to each other and to any Th, h £ Hk. 

Let us finally define Tg^ keeping in mind that Tg^ , . . . , Tg._^ are well defined. Put 

fg, = ffc. if Si = +00, 

4 = fk(,)7j^^'' . . . if Si = 1. 

If 1 < s, ^ +00, then for x G Cj{ji,. . - jjr) let 

_ / n^T^x if ^ - 1 

To see why Tg. is a well-defined transformation for 1 < Si ^ +00, it is convenient 
to look at it as a permutation of the sets Cj{ji, . . . ,jr). Indeed, it is a composition of 
T^. and a map which fixes each element of the partition {B^{i), m = 0, . . . , Sj — 1}, 
where 

Bm{i)= IJ Cj{ji,...,ji_i,m,ji+i,...,jr)- 

j,jl,---,jr 

Moreover, restricted to some level B^{i), this map is an clement of < T\h^, 
Tgj^, . . . ,Tg._-^ >, SO it is a permutation of the sets Cj{ji, . . . ,jr) that makes no 
change in coordinates ji . . . ,jr- Thus Tg. does not change coordinates ji+i, . . . ,jr, 
and does not depend on them. 

Along the same line, it is easy to check, that Tg. commutes to each element of 

< TIh^, Tg^ , . • . , > provided the later is an abelian group. 

Assuming T is a well-defined < Hk,gi, ■ ■ ■ , Qi-i >-action, we get that T is well 
defined as an < Hk,gi, . . . ,gi >-action too. Indeed, any relation 777.9,; = ^0 €E< 
iJfc, ^1, . . . , > (777 ^ 0) implies i Cz I, Si\m, and T™ = T;,„, because of 

ff* = ff,a)f~'^'K..f~-''-'\ This means that we extended above f to a finite 

< Gko,Hk >-action. By Lemma 2.2, we can extend the later to some G-action T. 
In order to show that T G N{'y, gi, . . . ,gr) ifT' G U, let us prove by the induction 

that 

dif~g,,n,)<^^^,, i = l,...,r. (19) 

Note that if Sj = +00, then (19) is trivial. Fix i G J, Sj 7^ 1, and some positive 
integer 77' < 770. Let A be any -measurable set. Then A and Thi^ ai'e ^n- 
measurable. By definition, 

/z(f-MAf^iA) = ^l{fh^AAfg^A) = 

2n{n,A\f~g^A) = 2f,{{n^Ar\Bo{i))\{fg^Af]Bom = 

2/.((T,,^nSo(t))\(T,(.)T^^W . .f|':;Wf,i--AnBo(i))) = 

f . . T|;-«f,-- A) = 

iM(T^;AATy,(,)f*«...f*^«A). 

Therefore, 

dn\fg,,%) = ^d„.(f^^;,f;,(,)f|^^« . . .f|;_-W) for n' < no. 
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Now if we recall (15), wc get 

d{f^o.,n,) < i.d{T^,f„^lf . . .f;;:;«) + f (20) 

Remark that (20) is also true for Sj = 1. Taking into account the commutativity, 
we then have 



a[J-hii)^g^ •••^§,-1 ^-'-Hz)^hi ••■-'/li-i 
Since T" G t/, by (17-8), we get 



(21) 



d{f-^,n^^ . ..f^) < rf(7^;,7),(,)7*« . . .7*-W) + ,3(3^. (22) 



Besides, 



d^l:,T^(^lf>...T^i:f^) = Q. 



(23) 



Therefore, applying (14), wc get 

E,<AkMd{Ts„T,^)<^. 
Combining (21-3), we obtain 

Si ^ ^1 •■ ^^A^18(3c)'-* 36(3c)'-^' 

Because of (20), then (19) is proved. 

Keeping in mind (19), (16), (14), wc get, 

for any i, and Theorem 4.1 follows. □ 

Fix some finite measurable partition ^ = {Ci, . . . , Cm} onto the sets of equal 
measure (not necessarily UjC, = X, but the difference will not be anyhow essential 
in the sequel). 

Definition 4.2. We say that a G-action P is H, ^-finite for some H < G if for any 
g € H Pg^ = ^, {3io)PgCig = Cig implies Pg is the identity, and P\h is transitive 
onX/e={l,...,m}. 

It is easy to see that every H, ^-finite action P is iJ- finite, and < Pg : g G H >= 
(B^^i < Pgi >■ Denote pi =deg Pg. in fi, i = 1, . . . ,k. p = (pi, . . . ,pk)- Mark the 
element Gi, then a map f{Pg) = PgC\ is an isomorphism between ©f^^i < Pg. > 
and X/£^. Thus we get a parametrization of X/^ by elements ^ Cj^j, Cj = 0, . . . ,pj — 
1,1 = 1, . . . , fc. 

Definition 4.3. We say that a G-action T admits a good approximation by finite 
actions if there exists a sequence of i7„, ^„-finitc actions P{n) satisfying both 

S,n "5" £, and 

u^l n{TgC,{n)APg{n)C\{n)) = o{l), 

9-9=12 <^i9i (") ,\ci\<2pi (n) 

where w„ = = UiPii'^)- 
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Remark 4.4. If a transformation admits a cyclic approximation by periodic trans- 
formations with speed 0(1/71"^) (see notation in [21], [10]), then the corresponding 
Z-action admits a good approximation by finite actions. 

Besides, it is easy to see that any action of any finite group can not admit a good 
approximation by finite actions. 

The proof of the following theorem has an independent interest, because it pro- 
vides us by some constructive information about approximation sequences to ele- 
ments of centralizers C{Tg : 5 G G} for a typical group action T. 

Theorem 4.5. // an action T of an infinite countable abelian group G admits a 
good approximation by finite actions, then 

C{Tg ■.geG} = CL{Tg : 5 G G}, (24) 

and the set of all G-actions of any infinite countable abelian group G admitting a 
good approximation by finite actions form,s a typical set. 

What we really need in the main theorem is just (24) for a typical group action, 
and this is well-known for G = Z. Nowadays it is usually attributed to King (see 
[23]) exploiting the fact that rank 1 transformations arc typical. However it was 
known before because of a primary proof (see [9]) relying on so called Chacon's 
lemma [8] . We do not pretend that the weak-closure theorem was unknown for any 
countable abelian group G, however we did not find in the literature any mention 
about that. We are only aware of [27] where it is proved for infinite torsion-free 
countable abelian groups. We will follow the primary proof applying the extension- 
to-groups technique developed in [1]. 

Proof. Take a transformation 5* G C{Tg : g G G}, assuming T admits a good 
approximation by (Hn-) finite actions P{n). We will prove that for any measurable 
set A and n there exists g{n) G K{n) = Cigi{n) : < Cj < Pi{n)} such that 

lim M(5AAPg(„)(n)A)=0. (25) 

Let us remark first that (25) implies (24). Indeed, for every Cj{n) we can find 
g' = g'{j) G K{n) such that Gj(n) = Pg,{n)Ci{n). Therefore 

li{Tg^n)Cj (n) APg(„) {n)Cj (n)) < ii{Tg(^n)+g' Gi (n) APg(„)+g, (n)Gi (n))+ 
^i{Tg,Ci{n)^Pg,{n)Ci{n)). 
From now on we apply that p{A, B) = ii{AAB) is a metric on the set of all the 
measurable sets in X if we consider them up to zero measure. Let A(^„) be a 
nearest to A ^„-measurable set. Obviously, 

p{{}B„[jD,)<Y,p{B^,Di) 
3 3 3 
for any collection of measurable sets Bj,Dj. Therefore, 

^lKTg(n)Mn)APg^„)in)A{^n)) = o(l), 

and 

lim ii{SAAT„u,)A) = 0. (26) 

n— 5-00 

In order to get a sequence g{n) that is independent of A, we modify to = 
{Ciin), . . .,CiJn)}, where Gi(n) = Gi(n)\ U, T-l.^C,{n),C'j{n) = Tg,(,)C[{n). 
Choosing a sequence g{n) for C[{k), we get (26) for any ^^-measurable set A. Since 
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— > e, by the diagonal process, we have a universal sequence g{n) and (25) implies 
(24). 

In order to prove (25), denote Cg{n) = Pg{n)Ci{n), g € K{n). Then 5„ = 
{Cg(n) : g G K{n)}. We write A S if p{A, B) < e, IB = B, and OB = for any 
set B. Fix £ > 0. For n large enough we have 

A ~e A{^n) = IJ ag{n)Cg{n), 
geK{n) 

SAr.,SA{^„)= □ <(n)C,(n), 

where ag{n), a'g{n) S {0, 1}, and 

SiA{in))= U ag{n)SCg{n) ^s, \J ag{n)TgSC^{n), 

geK{n) geK{n) 

here Si < ^^^^^^^^ ag(n)/i(Tg(7i(n)APg(n)Ci(n)). Therefore, for n large enough 
we obtain 

SA{^n)-'e U a<,(n)r35Ci(n). 

Let 

M2(n) = {a; e Ci(n) : TgX G Pg{n)Ci{n),g = ^Cigi,mm{2pi{n) - \ci\) > 0}. 
It is clear that 

lim ioliJ,(M2(n)ACi(n)) = 0. (27) 

n— >oo 

Denote 

Bg{n) = {xe Ci(n) : Sx G Cg(n)}, 

£;,(n) = T_gSBg{n), D{n) = UCg{n). 

From now on indexes g in Cg{n) and ag(n),ag(n) will be considered by "modulo 
p(n) = (pi(n), . . .)". Because of (27), for n large enough, we have 

max ix>ln{Tg^Cg{n)ACg^+g{n)) < e, max uj„fj.{Tg^D{n)AD{n)) < e. 
g,gi&K(n) gieK{n) 

Therefore, 

U agin)Tg{SCi{n)\D{n)) ~, 

geK{n) 

y ag{n)TgSCiin)\Din) SA{^„)\D{n) 0- 
geK{n) 

5^(^n)~4e U ag{n)TgS\_\Bg,in) = 

geK{n) Si 

U (^gm+g^Eg,{n) r^sAn) IJ W^s^si W- (28) 

9,91 e^(") g,gi£K{n) 
It is easy to see that 

62{n) < ojlma^fi{Eg{n)ATg>Eg{n)), 

9>9i 

where 

g'l^ig & Hn-. g = ^Cififi(n), (Vi)ci e {0,pi(n)}}. 
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Let 

X e Eg{n) = M2(n) n T_gS{Bg{n) n M2(n)) C Eg{n), 
and y = S~'^TgX. Since Sy G TgM2{n), then T_gjy e Bg(n). Hence T_gja; = 
T_gST_g'^y e Eg(n), then Eg(n) C Tg-^Eg{n). Since 

Ummaxw^/i(£g(n)A£'„(n)) = 0, 

we get 

\\m52{n) = 0. 

n 

Taking into account (28), for n large enough we obtain 

SA [}a'^{n)Cg{n) ~, □r,(ya,_,,(n)4,(n)). 

9 S 91 

Since 

Tg{[}ag.g,{n)EgM) ^Cg{n), 

91 

then for g € -F(n) = {5 € K{n) : a'g{n) = 1} we get 

C9(") ~/39 ^9(|J 09-91 (")-^9i (")) U "S-Si ("')^9^9i (29) 

Sl 91 

□ C,(n), (30) 

where 

max{ ^ /3g, ^ 7g} < £. 

g6i="(n) 96-F(n) 

Let us remaind the following combinatorial lemma. 

Lemma 4.6. (Chacon [8]) Let \\xji\\,j = l,...,fc,i = be a m,atrix with 

0,1 entries, and bj,j = l,...,k be nonnegative numbers, '^jbj — I. If there is 
H C {1, . . . , n} such that 

bjXji >1 — 1] for any i G H, 

where ri e (0, 1), then there exists 07 (1 < 7 < fc) such that 

^^bjXjiX^i>#H{l-2r]). 

ieH j 

Fix some rj € (0, 1). Let 

bg,=fi{Eg,{n))/J2t^iEg{n)), 
g 

H{n) = {ge F{n) ■.Y,ag-g,{n)bg, > 1 - ??}, 

91 

I{n) = F{n)\H{n). 
The sets Eg{n) are mutually disjoint, therefore from (29) and (30) we have 

lim/z( □ C,(n)) = 0, 
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SA^, □ Tg\Jag-MEg,{n) U Cg{n). (31) 

geH{n) 91 geH{n) 

Applying Lemma 4.6 for Xg^g = ag-g^{n), we find a. go & K{n) such that 

> #H{n){l - 2n), i.e. 

geH{n) gi 

^ ^/x(T,E,,(n))ap_p,(n)a<,_g„(n) > #//(n)(l - 2ry)^A*(4W)- (32) 
geH{n) gi g 

Take r] = e/2. It is clear that 

geH(n) 91 geH{n) 9i 

Combining with (31-2), for n large enough we obtain 

SA^, y ag_g,(n)|Jag_g,(n)Tg£;gi(«)- 

geH{n) 91 

Combining with (29), we get 

SAr^2e U ag_g„(n)Cg(n) = |J ag{n)Cg+g„{n) = 

g&H(n) g-g+go€H{n) 

Pgoin) U agin)Cg{n) C P,„(n) □ a,(n)C,(n) = P,,(n)^(^„). 

g-g+go&Hin) g 

It implies that for n large enough we have 

SA ^,Pg^{n)A, 

and (25) is proved. 

In order to prove the final part of Theorem 4.5, pick a sequence of positive num- 
bers e„ ^ as n ^ +oo, and Gk =< gi, . . . , gk >, where G =< gi, . . . , g„, . . . >. 
Consider the set L'* i. as in Lemma 2.3. Obviously, every P e is Gk,^n- 

finite. Fix some presentation < Pg : g £ Gk >= ©'=1 < Pgi(n) >) Pi(^) =deg 
Pgi{n),i = 1, • • • Ci{n), and a;„ = l\iPi{n). Denote 

U{P) = {TGnG:ojl Yl n{TgCi{n)APgCi{n))<en}. 

5no = u u u c^(^'), s=n^"o- 

n>no k Pel'* ^ no 

Since 

U UKk^Br^o, 

n>no k 

applying Lemma 2.3, we get that every B„g is a dense open set in flc- Therefore 
_B is a dense G^-sct and consists of G-actions admitting a good approximation by 
finite actions. Theorem 4.5 is proved. 

□ 
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5. Examples 

Take some prime mimbcr p. Let Cpoo = <Q^p/'L^ where Qp stands for the additive 
group of ah rational nninbers of the form i/p", i,n G Z. Consider a pair (Cpoo , G), 
where Cpcx. is a fixed subgroup of an abehan countable group G. 

Example 5.1. of a free G-action T satisfying 

CL{Tg :geG} = CL{Th : h £ Cpoo}. 

Since Cpoo is divisible, i.e. for every its element a and n there is 6 £ Cpoo such 
that nb = a, G can be represented as G = Cpoo G* for some G*. It is well enough 
to construct such G-action T acting by shifts on the infinite-dimensional torus 
X = (K/Z)^ equipped with the Haar measure, where QxU = x + y, x,y G X. 
Fix some splitting of indexes N = Ii Li I2, where 7^/1 = #/2 — #N. Denote 
x'^{n) = if ^ G /i, and x',{n) = 1/p" if i G h, x'{n) = {x[in), . . . . . .) G 

X,Tlg^ = Q^,(„),5„ = e Cp^,n,i G N. Then T' is a well-defined Cpoo- 

action. Let us modify T' to a Cpoo -action T we need. Fix a countable base of open 
cylindric sets Ui = {x G X : Xkj G Aj, 7 = 1, . . . , m}, here Aj arc open intervals 
in R/Z. Let n{i) = maxj kj. Making no loss in the generality, we can assume that 
n(l) < n(2) < Consider the homomorphism P of X defined by 

P(xi,...,Xk,...) = {pxi,...,pxk,...). 

It is clear that the set of all the prc-imagcs of x, i.e. {P~"x : n G N} is dense in 

X for any x. Therefore there exist m(l) G N, .^(1) G Ui such that P™(i).^(l) = 0. 
Put Xi{m{l)) = Xi{l) if i < Xi{m{l)) = .T-(m(l)) if i > x(m(l)) = 

(a;i(m(l)),...). Then x{m{l)) G Ui, P™(i)x(m(l)) = 0, and x(m(l)) = x'(m(l)) 
up to finitely many coordinates. Step by step, by the same argument we can find a 
sequence of a;(TO(fc)) G X, m(fc)— m(fc — 1) G N, fc = 2, 3, . . . such that x{m{k)) G Uk, 
pm(fc)-m(fe-i)2.^^^^-j-j ^ x{m{k — 1)), and x{m{k)) = x'{m{k)) up to finitely many 
coordinates. Denote Tg^^^^ = Qx(m(k))- Then every shift Q on X is contained in 
CL{Tg^^^^ : /c e N}, and 

m{k) — m{k — \) m(fc) 

^sm(fe) = ^sm(fe-i) ' and T^^^^^ is the identity map. 

This means that T can be extended to a Cpoo -action T. 

Let us finally define T|g'- Take any free G*-action T acting by shifts on 
Xjg/^R/Z. Then T\g' on X = Xjg/^IR/Z x Xjg/^R/Z is just the diagonal action 
f X E, where E is the G*-action on Xjg/jM/Z by the identities. 

Obviously, T\g- consists of shifts on X. Therefore T extends to a G-action by 
shifts, and 

CL{Tg ■.geG} = CL{Tg^^^^ : fc G N} = CL{Th : h G Cpo.}. 

Let Tgiy — y for some y G X^g' G G. Then x{g') = 0. By definition, if 
g = i/p^ G Cpcx,, then Xj{g) = ijp^ for "almost all" j G h, and if 5 G G*, then 
Xj{g) = for all j G l2- Therefore, g' G G*, Tg' is the identity, g' = 0, and the 
freeness of T follows. 

Let H* = < hi >, where deg hi = pi ^ +00 as i — > -l-oo. Consider a pair 
{H*,G), where H* is a fixed subgroup of an abelian countable group G. 
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Example 5.2. of a free G-action T satisfying 

CL{Tg : .9 G G} = CL{Th : h G H*}. 

It is clear that we can find a sequence gi € G,i € N such that G =< Qi :ieN> 
and for some sequence fc, gk^ S H*, deg gu^ — >■ +oo as i ^ +oo, and Gk^ = 
Gki^i® < gki >, where Gfe =< gi, . . . ,gk >■ Indeed, it follows from the fact that 
every abelian finitely generated group has the finite torsion part. 

Consider some splitting of the indexes N = UjgN/j, where for any i = 
#N. Lot {ai}, z G N be any sequence of irrational numbers. Denote {ti,t2, ■ ■ ■) = 
(1,1,2,1,2,3,1,...). 

Assume that at the step n a free G„-action T acting by shifts Qx on X = 

(M/Z)^ was constructed, where for all x{g) = {xi{g), . . .), g G G,i Xi{g) = if 
i G ^m>nIm\Jn for some finite J„ C N. Let us define a shift Tg^_^^ as follows. If 
for any i n + 1 ^ ki, then denote 

m = min s, 

s>0 

or m = +CXD if for any s > sgn+i ^ G„. If m = +cxd, then put Xi(gn+i) = 
a„+i(modl) for i G In+i, and Xi{gn+i) — for i ^ In+i- If m 7^ +00 then mgn+i = 
go e Gn, and we put Xi{gn+i) = l/TO(modl) for i G /„+i, and Xi{gn+i) = Xi{go)/m 
for i ^ In+i- Finally, if n + 1 = A-,;, then put Xi{gn+i) = 1/rf for i G {In+i H {j > 
ti}) U {U}, and Xi{gn+i) = otherwise, here deg gki = d. 

It is easy to see that, in any case, we get a well-defined free G„+i-action satisfying 
= if .g G Gn+i and i G ^m>n+iIm\Jn+i for some finite J„+i C N. This 
means that we defined a free G-action T. Besides, by the above construction, for 
any pair of positive integers m, n there exists h{m, n) G H* such that deg h{m, n) = 
(i(m. n) > m, Xn{h{m, n)) = l/d(m, n), and Xi{h{m, n)) — z = 1, . . . , n — 1. It 
follows that every shift is contained in CL{Th : h G< h{m, n) : m,n >}. Thus, 
we get 

CL{Tg ■.g€G} = CL{Th : h G H*}. 

Consider a pair {H**,G), where H** is a fixed subgroup of G = ©-^iZ/mZ 
isomorphic to G, m G N. 

Example 5.3. of a free G-action T satisfying 

CL{Tg : G G} = CL{Th : h G H**}. 

Since the subgroup H** is servant, i.e. any equation nx = a a G H** , n G N that 
is solvable in G is solvable in H** as well, G can be represented as G = H** © G* 
for some G*. Construct such G-action T acting by shifts Qx on X = (R/Z)^, 
where QxV = x + y, x,y € X . Fix some splitting of indexes N = Ji U /2, where 
#Ji = #/2 = #N. Take any free G*-action f acting by shifts on x^e/.R/Z. Then 
T\g* on X = Xig/jM/Z X x^g/^K/Z is the diagonal action T x E, where E is 
the G*-action on x^g/^R/Z by the identities. Denote x^{n) = 1/m ii i = n, and 
.T'-(r?,) = if i 7^ n, x'{n) — {x[{n), . . .) e X . Pick a map ip : I2 ^ G* such that for 
any g & G* #ip~^{g) = #N. We can assume that H** = ©ig/a < hi >, where deg 
hi = m,i £ l2- Put 



Thi = <3x(v3(i))+x'(i) = T^(i)Qx'(i),i € h- 
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It is easy to see that we got a well-defined G-action. Besides, by definition, for any 
g € G* there exists in — > +00, such that (p{in) = g- Therefore 

Thi^ = TgQ^f^i^) -^Tg asn^ +00, 

and T is the G-action as it is required. 

6. Proof of the main theorem and applications 

Every bounded abelian group G is uniquely represented as the direct sum of 
finitely many p^-groups Gp. , where pi arc mutually different prime numbers, and 
Gp = {g & G : Bkp'^g = 0}. Moreover, by the classical Priifer theorem every 
such Gp^ can be represented as the direct sum of cyclic subgroups. Calculating 
multiplicities of summands of equal order, we get a finitely supported function, 
noted 

ma ■■ {p^ -.p is prime and > 0} N U {0, +00}, 

which is independent of our choice of representations Gp. as the direct sums. 

It is clear that two bounded countable abelian groups G+ and G_ arc isomorphic 
iff TO(5_^ = mG_ ■ This implies in particular that every bounded infinite countable 
abelian group is not cohopfian. 

Consider mc defined by 

nlaip^) = ^ TnG{j>^),P is prime and fc > 0. 

n>k 

Then H < G implies mjj < rnc- It follows that two bounded countable abelian 

groups G+ and G_ arc weakly isomorphic if and only if = mG_ . 
Let us prove the main theorem. 

Proof. The case H is finite is trivial. Namely, the well-known Bernoulli action T 
on, say, {0, 1}"-^ equipped with the Haar measure acts freely by shifts. Thus T\h 
is free. However all free actions are pairwise isomorphic and form a typical set. 
This means that a typical iJ-action can be extended to a free Bernoulli G-action. 

Let H contain an isomorphic copy of Z. Consider a free G-action T as in Example 
3.1. We have 

CL{Tg ■.geG} = CL{Th : h e H} = CL{Th -.heZ}, 

becaiise the centralizer of ergodic transformation with discrete spectrum is just the 
closure of its powers. By Theorem 4.1, T is a locally-dense point for tth- It is 
well known that all the conjugate actions to any fixed free action are dense for any 
amenable group G. This means that we have a dense set of locally dense points for 
tth- By the same argument as in the proof of Theorem 3.3, we have that a typical 
if-action can be extended to a free G-action. 

Let H be an infinite torsion group. If there exists a subgroup H* = < hi >, 
where deg hi — ?■ -|-oo as i ^ -hoo, then we are done by the same argument based 
on Example 5.2. Besides, it is easy to see that H has such subgroup H* if and 
only if for any m, n there exists a finitely generated subgroup, noted H'^, admitting 
some presentation ff° = < /i- >, where #{« : deg /i- > m} > n. This 

means that no such subgroup H* for H implies that for some positive integer m 
mH has finite rank. It is well known that an abelian torsion group has finite rank 
if and only if it is a direct sum of finitely many finite cyclic groups and Cpoo . If 
there exists some Cpoo < mH < H, then, applying Example 5.1, we get what we 
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claimed. If not, tfien tfiere exists m' such that ifm'H = 1. In this case H can be 
represented as H = (Bj^iHp., where pj are mutually different prime numbers and 
Hp = {h e H : {3k > 0)deg h = p''}. Moreover, Hp^ = ®i < hi{j) > for any j, 
where deg hi{j)\m' for any Denote 

dj = maxfc : #{i : deg hi{j) = k} — #N, 

and dj = 1 if #Hp. is finite, j = 1, . . . ,s. Let d = JJj dj and 

= < >, Hf^ = < h.{j) >, 

i:deg hi{j)>dj i-.deg hi{j)<dj 

i-.deg hi(j)=d.j 

It is clear that H> = ®-jH> is finite and H ^ H> ® H^, where if- = ©,-H"^ . 

Let G be any abelian countable group {H < G). Assume that every g £ G 
admits a representation g = h + hi for some h G , dhi = 0. Then G = (Bj^iGp^ 
and Hp. is servant in Gp. for any j. Therefore G can be represented as 

G = H> (BG* for some countable abehan G*, #dG* = 1. (33) 

It is clear that H = H>®H' for some subgroup H' <G*, and H' ^ H/H> ^ H^. 
Fix a G** = ©^^1 <K> such that deg /ij = d, and G* < G**. Then we can 
find a subgroup, noted H'K of H' , which is isomorphic to (BjH^. = ©°°Z/(iZ. By 
Example 5.3, there exists a free G* (and G**) - action T' such that GL{Tg : g e 
G*} = CL{Th : h S H'}. Let T" be any free if-*-action on a non-atomic standard 
Borol probability space {Y, J^i,v). Then the cartesian product T = T' x T" acting 
on {X X F, T®Ti,^i®v) is a free G-action, and GL{Tg : g e G} = GL{Th : h e H}. 
Therefore T is a locally dense point for tth , and a typical i?-action can be extended 
to a free G-action. 

If G is still a countable abelian group, H < G, and is not as in (33), then we 
fix 5 G G that can not be represented as g = h + h*, h G H^, dh* = 0. Besides, 
by Theorem 4.5, for a typical i7-action T, for any S € C{Th : h € H}, we can 
find hi = hf + /i- such that Th. ^ S* as i — >■ oo. Taking a subsequence, we 
have T^^ R = ST^-^, and is the identity. Assuming that there exists a 

G-action T extending ff-action T, we obtain that T^< R = TgT^^ for some 

h> G H>,hf G if-, i = 1, . . .. Therefore R = Th- for h* = g - h>, and dh* ^ 0. 
Since R"^ is the identity, the G-action T is not free. Therefore a typical -ff-action 
can not be extended to a free G-action. 

Besides, it is easy to check that a countable abelian group G {H <G) satisfies 
(33) if and only if there exists some G** > G isomorphic to H. Theorem 1.2 is 
proved. □ 

6.1. Applications. 

Definition 6.1. Let X and Y be Polish spaces. We say that a (continuous) map 
if : X ^ Y is (second/essential) category preserving if the images and the pre- 
images of second category sets are of the second category as well. 

Obviously, if the map Lp is ess. category preserving, then '^{X) is a typical set, 
i.e. Y \ ip{X) is meager. Besides, every pre-image (not image!) of a meager set is 
a meager set for ess. category preserving maps. 
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Let us remark that for every countable group G the space VLg has the weak 
Rokhlin property , i.e. there is a G-action T such that the set of ah G-actions 
that are isomorphic to T is dense in (see [14], [22]). This imphes that for any 
amenable subgroup H {H < G) t:h{^g) is dense in flj^ . 

We note that if both (p{X) is dense in Y and (p{B) is of the second category 
for every second category set B, then ip is ess. category preserving. Indeed, in 
this case, for any countable intersection CliBi of open dense sets Lp{r\iBi) ( as 
an analytic set) is an open set, say Y' , up to a meager set. It is easy to see that 
Y' is dense in Y . Therefore ip maps any typical set onto a typical set. Fix some 
set G C y of the second category. Assume ip~^{C) is meager; then X \ ip~^{C) is 
typical in X, and ip{X \ (^"^(G)) is typical in Y. However ip{X \ (^"^(G)) n G = 0, 
and we have a contradiction. Therefore (^~^(G) is of the second category, and (p is 
ess. category preserving. 

It was noticed in [2], Lemma 1, that if the map ip has a dense set of locally dense 
points, then (p{B) is not meager for every non-meager B. This implies that ip is 
ess. category preserving. Therefore main theorem has the following application. 

Theorem 6.2. Let G be any countable abelian group and H its subgroup. Suppose 
H is not an infinite bounded group; then the restriction map tth '■ ^ is 
ess. category preserving. Suppose H is an infinite bounded group; then ■nn is ess. 
category preserving if and only if G is weakly isomorphic to H. 

Proof. Indeed, in fact, we proved that the set of locally dense points is dense for 
tth and for any pair {H, G) except the case when iJ is a bounded subgroup and 
G is not weakly isomorphic to H . Besides, in remaining, by the main theorem, 
tth{F) is meager for every infinite H, where F stands for the set of all free G- 
actions. Therefore tth is not ess. category preserving. And finally, let iJ be a 
finite subgroup of G. Assume tth is not ess. category preserving. Then nniA) is 
meager for some non- meager A. It clearly implies that nniB) is meager for some 
non-empty open B. Fix a countable dense set, say G, in f2. Let D be the union of 
all (p~^B(p, (fi G C. Then tth{D) is meager. Besides, the set, say E, of all G-actions 
that are isomorphic to the Bernoulli G-action T is dense in ftc because T is free. 
It is easy to check both E C D and tth [E] being the set of all free iJ-actions can 
not be meager. We then have a contradiction and Theorem 6.2 is proved. □ 

Remark 6.3. According to [33], a continuous map respects the genericity if the im- 
ages and the pre-images of typical sets are typical. Relying on the above discussion, 
it is easy to see that a continuous map is ess. category preserving if and only if it 
respects the genericity. 

The reader can find a bit different look at relations between alternative concep- 
tions of category preserving maps in [26] , [33] . 

Remark 6.4. Let us illustrate how Theorem 6.2 works on a simple example of a 
dynamic property to be "not isomorphic to its inverse". It is well known (see [1]) 
that a typical Z'^-action is not isomorphic to its inverse. Let G be any non-torsion 
countable abelian group. Take some 5 6 G of infinite order. By Theorem 6.2 the 

^This is also true for every non-amenable H as well, because we can correspond to every H- 
action T the so-called co — induced G-action T satisfying T is a factor (a quotient ) o{ T\h (see 
[16], [22]). The density follows from a well-known fact that every factor of any G-action S is in 
the closure of conjugations of S if G is countable. 
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map 7r<g> is ess. category preserving. Therefore the set of not isomorphic to its 
inverse G-actions is a typical set3 

In the sequel, we keep the standard notation G for the group of characters of G, 
and Ann H for a subgroup {x G G : (V/i G H)x{h) — 0}, where _ff is a subset of 
an abelian group G. 

Theorem 6.5. Let H he any infinite subgroup of a countable abelian group G. 
Then the following assertions are equivalent each other: 

(i) : For a typical H -action there is an extension to a free G-action. 

(ii) : There is a dense subgroup Gi < G such that #Gi n Ann H = 1. 

(iii) : There is a free (ergodic) G-action T with discrete spectrum such that 
T\h is ergodic. 

Let me leave an ergodic-theoretical proof of Theorem 6.5. 

Proof. Suppose first that H is unbounded. Following the proof of the main theorem, 
we construct a free G-action T acting by shifts on the infinite-dimensional torus 
X. Moreover, the set of shifts corresponding to the iJ-subaction forms a dense 
set among all the shifts on X. It gives (iii). Let Gi be the discrete part A(T) 
of the spectrum of T, i.e. the set of all eigenvalues of G-action T. Then Gi is a 
countable subgroup of G. The freeness of T implies the density of Gi. Besides, 
if A G Gi n Ann then the corresponding eigenfunction f\ is invariant for T\{{. 
Because of the ergodicity, f\ is a constant function, and A is the trivial character. 
It gives (ii). 

We can apply the same argument for any infinite bounded H if it is weakly 
isomorphic to G. The only difference is the set of shifts corresponding to the 
i?-subaction forms a dense set among all the shifts Tg,g G G on the infinite- 
dimensional torus X. Restricting ourselves to an ergodic component for T\h, we 
get a r|G-invariant closed subset of X, which is just the closure of a Tj^f-orbit. 
Thus we have a free action as it is needed in (iii). 

Therefore we get the implications (i)^ (iii) (ii). 

Conversely, since H is infinite, Gi is infinite. Fix an infinite countable dense 
subgroup GI < Gi . Consider an ergodic G-action T with discrete spectrum, where 
A(r) = GI. The density of GJ implies the freeness of T. Obviously, #Gl H 
Ann H — 1 implies T\h is an ergodic action with discrete spectrum. Applying 
the standard realization of every ergodic G-action S with discrete spectrum as a G- 

action by shifts on the character group A(5) of the discrete part A(S') < G, it is easy 
to get a well-known fact that every transformation that commutes with S is just a 
shift on the abehan group MS). Therefore GL{Tg : g e G} = CL{Th : h e H}. 
By Theorem 4.1, T is a locally-dense point for tth- This means that we have a 
dense set of locally dense points for tth- By the same argument as in the proof of 
Theorem 3.3, we have that a typical i7-action can be extended to a free G-action. 
Therefore we proved that (ii)=J^ (iii) (i). □ 

Remark 6.6. Apriori Theorem 6.2 is not useful Utth is not ess. category preserving, 
because the topological status of tth{B) can be essentially different for different 

■^In fact, applying the technique developed in [1], we can show that a typical G-action is not 
isomorphic to its inverse for any countable group G except obvious cases when G is finite or 
G = ffi°°Z/2Z. However, the proof is , of course, much more complicated. 
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typical sets B. However the main theorem can be apphed implicitly in this case as 
well (see Remark 6.11). 

In order to proceed to that, let us describe all the pairs H < G satisfying tth is 
extremely non ess. category preserving, i.e. tth{B) is meager for every typical set 
B. By the — 1 law, it is well enough to say when t:h{^'^g) if' ''^ typical set. 

Notice, first, that for every subgroup G* < G the space ^g/g* can be viewed 
as a closed subset of fie defined by the embedding tp* : VIg/g* ~^ ^G, where 
(p*(T)g = T^(^g),g & G,T € ^G/G") V is the canonical homomorphism of G onto 
G/G*. 

Theorem 6.7. Let G he any countable abelian group and H its subgroup. Suppose 
H is not an infinite bounded group: then 7:h{^g) is a typical set. Suppose H is 
an infinite bounded group; then nni^G) is a typical set if and, only if there is a 
subgroup G* < G such that both f^G* Cl H = 1 and G/G* is weakly isom,orphic to 
H. Moreover, if H is a,n infinite bounded group and there is such a subgroup G* , 
themiH\:p'(n^,fQt) is ess. category preserving. 

Proof. The first part follows from the main theorem. Let H be an infinite bounded 
group. and the last part of the theorem is almost obvious. Indeed, ip{H) is 

isomorphic to H via ip. Therefore 

'n:H{^*{^G/G')) = 'n'cp{H)i^G/G*) 
if we naturally identify fin and fl^f^^y It remains to apply Theorem 6.2 for the 
map 7r^(H). 

In order to prove " =>" , we keep the proof of the main theorem notation. It is 
easy to see that by Theorem 4.5, for a typical T G Qh, if there is a T extending 
G-action T then 

V>T{dG) = <PT{dH>) = LpT{dH), 

where ipT is the homomorphism defined by iprig) = Tg,g 6 G. Since TTni^G) 
restricted to the set of free H- actions is a typical set as well, we can choose a free 
if-action T' admitting an extension to a G-action T' such that ifr' (dG) = ipx' (dH). 
Denote G* = Ker ipr'- Obviously, #G* Ci H = 1. Thanks to the homomorphism 
theorem, the group G/G* is isomorphic to ipT'(G). Besides, H is isomorphic to 
ipT' {H). It remains to prove that ipr' {G) is weakly isomorphic to p>T' (H). However, 

dipT'{G) = ipT'{dG) = ipT'{dH) = d(fiT'{H). 

This completes the proof of Theorem 6.7. □ 

A more explicit description of all pairs H < G with 'Kh{^g) is a typical set 
comes from the following theorem. 

Theorem 6.8. Let G be any countable abelian group, H its infinite bounded sub- 
group. Then ith{^g) is a typical set if and only ifG can be represented as H ®Gi, 
where H <H < G, and H is weakly isomorphic to H. 

This theorem implies that a typical if-action can be extended to a G-action be- 
cause there is an extension to a free H -action and every H -action can be extended 
to a G-action by, for example, identities on Gi. 

Proof. " <^=" is a clear application of Theorem 6.7. To get " =>" , we employ the proof 
of the main theorem notation. Fix a j, and a representation Hp = H^. © H^. . 
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Remark first that H^. is servant in Gp.. If not, then consider the canonical 
homomorphism ip of G onto G/G*, where G* is as in Theorem 6.7. Therefore 
v{Hp.) is not servant in G/G*, because tp is the group isomorphism if it is restricted 
to H. However (f{Hp.) is the direct summand in G/G* because G/G* is weakly 
isomorphic to H. We get a contradiction. 

By the the Priifcr-Kulikov theorem, for any countable abelian group, every its 
bounded servant subgroup is a direct summand. Thus Gp^ = H^. ® G*^. , Hp^ = 
© H* for some H* < G* where H* is isomorphic to . 

Pj Pj Pj — ' Pj r- pj 

Let us define H^. . If Hp. is finite, then we put H^. = Hp. = Hp. . Assume that 
Hp. is infinite. Obviously, ^djH*^ = 1, and dj = Pj for some positive integer k. 
Moreover, exploiting (p again, we get that 

n d,G;^ = 1. 

Denote by M the non-empty set of all subgroups H* < G*. such that both 
#H* n djG*. = 1 and H*. < H*. Consider the restriction to M of the natural 
partial order Gi < G2 on the set of all subgroups of G. Fix a maximal element, 
say -ffmaa,. Then H^^^^ is servant in G*. (see, for example, [12], Theorem 27.7). 
Obviously, 

d,i^:,,„, c nd,G;^ = {0}, and h;. < h*^^^. 

Therefore H^^^ is weakly isomorphic to H*, . 

Put Hp. = H>. © i?TOaa;. It is clcar that Hp^ < Hj,^ < Gp., H'^. is weakly 
isomorphic to Hp. , and H^. is a direct summand in Gp. . 

Let us finally define H as (BjHp.. It is clear that H is weakly isomorphic to 
H, and H is a direct summand in the torsion part of G. Thus H is a bounded 
servant subgroup of G, and Theorem 6.8 is proved. □ 

Let us mention a dual analog of Theorem 6.8 as well. 

Theorem 6.9. Let G be any countable abelian group G, H its infinite subgroup. 
Then the following assertions are equivalent: 

(i) : A typical H -action can be extended to a G-action. 

(ii) : G can be represented as the direct sum of two (possibly trivial) closed 
subgroups G| and G2 such that both Ann H > G2 and there is a G\-dense 
subgroup Gi < G\ satisfying #Gi fl Ann H = 1. 

This theorem is a natural corollary of Theorems 6.5, 6.8, and we leave the proof 
to the reader. 

Remark 6.10. We omit certain dual versions of Theorem 6.7, or, say, of a slight 
modification of Theorem 6.8, where we replace the conditions on G by G can be 
represented as G = Gi ® G2 such that #G2 flH = 1 and Gi is weakly isomorphic 
to H. 

Remark 6.11. Assume H is an infinite bounded group and nni^G) is a typical set. 
Denote 

D = {G* <G: #G* nH = lk G/G* is weakly isomorphic to H}. 
In fact, proving Theorem 6.7 we showed the following claim. 

For a typical G, n]j\C) CA = UG'eDV*{ilG/G-)- 
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It implies that the question when t7h{B) is a typical set is reduced to the same 
question for the restrictions of B to the subspaces ^p*{^g/g*)-, where -kh becomes 
ess. category preserving. 

In spite of the fact that D may have continuum many elements, the set A is 
always nowhere dense if G is not weakly isomorphic to H. Indeed, the density 
somewhere implies the density everywhere. Therefore, the set of locally dense 
points for -kh is dense in Q,g, and tth is ess. category preserving. 

Besides, it is easy to check that 

yjG'eD^*{^G/G') C B = Ufc£H> {T e Og : Tag = Tdh}. 
We note that, as a rule, the inclusion A<ZB\s proper. 

We now turn to another certain application of the main theorem. There is a bit 
stronger property then to be monothetic for topological groups. Namely, following 
[27], a topological group G is called generically monothetic if the set of g that 
generate a dense subgroup of G is a dense G^-set in G. Note that in the definition 
above, the condition that the set be Gg is automatic, so one only has to check that 
it is dense. Note then that G is clearly generically monothetic if for any positive 
integer n < ngo > is dense in G for some go G G. 

There has been considerable interest in the study of centralizers of typical group 
actions (see, for example, most new preprints [27], [31]). One of the new reasons for 
that, among others, is to understand all the similarities that come if we replace il, 
as a target for representations of a group, with other sufficiently well developed au- 
tomorphism groups , say with the unitary group of a separable, infinite-dimensional 
Hilbert space or the group of isometrics of the universal Urysohn metric space (see, 
for example, [27], [34]). Let us remind that the centralizer of a typical transforma- 
tion is a closed abelian non-locally compact monothetic subgroup of ft. 

Theorem 6.12. Let G be any countable abelian group. Then the centralizer of a 
typical G-action is generically monothetic if and only if G is unbounded. 

Proof. It is clearly true for any bounded G. Indeed, if G is finite, then the centralizer 
of every free G-action is just the group of all G-extensions under certain topology. 
Thus, it is not even abelian. Besides, for any infinite bounded G, by Theorem 4.5 
every element of the centralizer is of finite order for a typical G-action. This means 
that the centralizer is not even (topologically) finitely generated. 

Let G contain an isomorphic copy of Z, say < g >. Combining Theorems 6.2 
and 4.5 for if„ =< ng >, n gN, we easily deduce that 

C{Th : /i e G} = CL{< Tng >}, n e N, 

for a typical G-action T. Therefore, the centralizer is generically monothetic. It 
implies, in particular, that the cetralizer is generically monothetic for a typical 
if®Z-action, where H is any unbounded torsion abelian group. Applying Theorems 
6.2 and 4.5 again, we have the same for a typical if-action. This completes the 
proof. □ 

7. NON-ABELIAN CASE, QUESTIONS, AND COMMENTS 

Let G be any countable group. The group fl acts on VIg by conjugations. It is 
well known that the set of all G-actions with a dense orbit under conjugations, say 
F' = Fq, forms a dense G^-set. 
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Since the set F of free G-actioiis is equal to F' for every countable amenable 
group G, the set F remains characteristic for the restriction map tth in the amenable 
world according to the following fact. 

Proposition 7.1. Let H be any subgroup of a countable group G. The following 
are equivalent: 

(i) : The map tth is ess. category preserving. 

(ii) : -kh{F') is a typical set. 

Proof. The implication (i)=^ (ii) is obvious. To get (ii) (i), we first argue as 
in [27], Proposition A. 7. Namely, F' is a Polish space endowed with the induced 
topology. Fix a countable dense set Vl' C f2, and an open non-empty subset O of 
F'. Then tth{F') = tthI^'^'^ ■ O) = Vl'-^ ■ tth{0). It implies that -KHiO') is not 
meager for every non-empty open subset O' of Q.g- 

Assume the map -kr is not ess. category preserving. Then tth{B) is meager for 
some set B € flc of the second category. Take a collection Ci, z G N, of closed 
nowhere-dense sets such that 7ri/(i?) C UiCt. Then a closed set TTjj^{Cig) is not 
meager for some io. It implies that there is a non-empty open set O* C 7r^^(Cj(,). 
We have a contradiction and Proposition 7.1 is proved. □ 

How much can we extend a typical iJ- action? Obviously, tth is still ess. category 
preserving if we replace G with any free product, say G * Gi, since the topological 
Fubini theorem applies. Besides, ess. category preserving maps tt^ (i.e. tth defined 
on Qg) are closed under taking inductive limits in the following sense. 

Proposition 7.2. Let H < Gi . . . < Gn < ... be a countable chain of countable 
groups H,Gi,i € N. Suppose all tt^' are ess. category preserving; then tt^™^ is 
ess. category preserving as well. 

Proof. Denote 

i j>i 

Every i?-action in B can be extended to some element of Bi, every Gi-action in 

Bi can be extended to some element of B2, and so on. It means that we obtained 
some subset of r2iim_> say C, satisfying t^h{C) = B. The reader will easily prove 
that C C -F/ijjj^ Gi- conclude the proof, it remains to apply Proposition 7.1. □ 

Proposition 7.3. Let G be any countable non-abelian group, H its normal abelian 
subgroup containing an element ho of infinite order. Then is not ess. category 

preserving. 

Proof. Assume H is included in the center of G. Since, for a typical if-action T, 
the centralizer C{T) is abelian, any extension of T to a G-action must be abelian. 
Therefore its orbit under conjugacies is not dense in rtc- So, Tr^{F') is meager. 

If H is not in the center, then we can choose /ii , /12 & H, g G G such that 
g~^h\g = /i2, h\ ^ /12. If, in addition, g~^hQg = /ig for some k ^ 0, then a 
typical _ff-action T can not be extended to any G-action. Indeed, otherwise take 
some such extension T, then Th.,Tg G CL{T^f^^ : n G Z} because of Theorem 6.2. 
Hence, Tftj = T~^Th^Tg = Th^, and we have a contradiction with the freeness of a 
typical Jf-action. 

Assume g^^hog = /13, h^ ^ /13 for any k ^ 0. Pick a positive k such that 
H' =< hQ,h^ > is a free abelian subgroup. It is well known that for a typical 
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transformation all its powers arc not isomorphic to each other (sec, for example 
[18]). It follows that a typical i/'-action does not admit any isomorphism between 
T^fc and T^t if H' is cyclic. The case H' has two generators is analogous. By 
Theorem 6.2, we conclude that there is no isomorphism between T^g and T^k for a 
typical il-action T. Hence T can not be extended to any G-action. This completes 
the proof. □ 

It is natural to look at possible analogs of Theorems 6.2 and 6.7 if we omit the 
restriction to be abelian for H and G. Let us list a series of examples somewhat 
indicating why there is currently no complete answer even for H = 'L. 

1 . The most closed to abelian groups are finite extensions of them. Obviously, 
for every positive integer n 

Gn = gr{ti,. . . ,tn,s;{\/i,j)[titj = tjUksUs''^ = 

contains a free abelian subgroup H =< ti, . . . , t„, > of index 2. Arguing as in 
Remark 6.4, we see that 7r^7(5lG„) is meager for every infinite subgroup H' < H. 
Besides, it was proved in [4] that for a typical action T of 

Gn = gr{t,s; {yi,j)[ti,tj] = 1 = to • ■■tn^i), 

where ti = s^ts~^, n > 1, the transformation T^n has homogeneous spectrum 
of multiplicity n (see slightly modified versions of G„ with the same property in 
[11], [29]). The groups Gn are also finite extensions of abelian. Since a typical 
transformation has simple spectrum, T^^^k^ is not ess. category preserving for 
every k ^ 0. On the other hand, every transformation T, can be extended to a 
G„-action if we put the identity as Tf. So, 7r^^fc^(nG„) is typical for every k ^0. 

2. Our technique, working well for abelian groups, was also based on approx- 
imations by finite actions. Since there exist countable groups with no non-trivial 
irreducible finitely dimensional \mitary representations, it may happen that some 
non-trivial countable groups do not admit finite actions except an action by iden- 
tities. However all the above can (in)directly work for some groups that are not 
even virtually abelian. Take, for example, 

G = gr{ti,s;ti.s = stl). 

It is well known (see, for example [5], [18] ) that a typical transformation is spec- 
trally disjoint to its square. Thus 7r^i^>(0G) is meager. Besides, take 

G* = gr{ti,s,t2;tiS = stfji = l,2&tit2 = hti). 

We claim that ttq is ess. category preserving. Indeed, first note that G* being 
solvable is an amenable group. Observe that, for a typical G-action T, Tt^ has rank 
1 and is rigid (i.e. T^^ tends to the identity for some sequence kj) (see [5]). It 
follows that the centralizer 

C{Tt,} = CL{T^t,:ne'L} 

is uncountable and has no isolated points. Moreover, by the standard topological 

arguments, it can be then shown that the monothetic group G{Ttj} can not be 
covered by the countable union of closed sets Tjt-^Bi, j € Z,i G N, where Bi 
consists of all elements S of the centralizer satisfying 5' is the identity. Pick an 
element, say S, which is not covered. Then < Tt-^,S > form a free Z^-action. It 
easily implies that we extended T to a free G*-action by putting Tt^ = S. Applying 
Proposition 7.1, we conclude that -Kq is ess. category preserving. 
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3. Take a free product of cyclic groups of order 2 and 3, i.e. 

G = gr(f,s;t2,s3^. 

Every transformation is a composition two periodic transformations, say S2 and S3. 
Moreover, with no loss of the generality, Si can be chosen satisfying Sj {i = 2, 3) 
are the identity (see [29]). It implies that TT'^ts>{^G) is typical. 

4. Recall that for an inclusion H < G oi countable, discrete groups one says 
that the pair (G, H) has relative property (T) if there exists (5 > and a finite 
B C G such that if tt is a unitary representation of G in a Hilbert space and / is a 
unit vector satisfying 

{\/g e B)Mg){f) - f\\ < 5, 

then there exists a vector /o such that 7r(g)(/o) = /o for any g G H. One says 
that G has property (T) and is called Kazhdan, if the pair (G, G) has relative 
property (T). 

Take the pair H < G with relative property (T), where H is not Kazhdan. For a 
typical G-action T, T\h is not ergodic, and a typical if- action is ergodic (see [20]). 
It implies that iTHiF') is meager. 

One may ask another natural question about how many extensions for a typical 
if- action we could expect. Arguing in a more or less standard way, it can be 
easily answered for countable abelian groups G (and H). Let us only stress that 
there appear new effects (i.e. not the continuum or nothing). For example, let 
G = H ® Z/3Z, H = ©°°Z/2Z. By Theorem 4.5, for a typical if-action T the 
centralizer of T consists of elements of order 2. Therefore T has the only trivial 
extension to a G-action. 

It would be interesting to see any differences in the classifications of pairs [H < 
G) according to Theorems 6.2, 6.7, 6.8 if we take representations of groups by uni- 
tary operators of the separable infinite-dimensional Hilbert space or by isometries 
of the universal Urysohn metric space. Besides, it is expected that the classification 
of pairs will be essentially different for actions by measure preserving homeomor- 
phisms of the Cantor set. 

It would be also interesting to see if there exists one more characteristic dynamic 
property for -kh in the above sense. 
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